We obtain L 2 -series solutions of the nonrelativistic three-dimensional wave equation
Introduction
By relaxing the constraint of a diagonal representation of the Hamiltonian and allowing for the next higher level of generalization, which is that of tridiagonal matrices, we found a larger solution space for the wave equation with an extended class of exactly solvable potentials [1] . The L 2 series solutions obtained as such include the discrete (for bound states) as well as the continuous (for scattering states) spectrum of the Hamiltonian. Due to the tridiagonal structure of the matrix wave equation the problem, in this approach, translates into finding solutions of the resulting three-term recursion relation for the expansion coefficients of the wavefunction. These are written in terms of orthogonal polynomials, some of which are well-known but some are new while others are modified versions of known polynomials. In a recent article [1] , we obtained solutions of problems in one and three dimensions using this approach. The solutions of some of the classic problems such as the Coulomb and Morse were reproduced adding, however, new tridiagonal representations to the solution space. We also found generalizations of others, such as the Hulthén problem, where we obtained an extended class of solutions and introduced their associated orthogonal polynomials. This kind of development embodies powerful tools in the analysis of solutions of the wave equation by exploiting the intimate connection and interplay between tridiagonal matrices and the theory of orthogonal polynomials. In such analysis, one is at liberty to employ a wide range of well established methods and numerical techniques associated with these settings such as quadrature approximation and continued fractions. These formulations were also extended to the study of the relativistic problem. The Dirac-Coulomb and Dirac-Morse are two relativistic problems, beside others, that have already been worked out using this approach [2] .
In this article, we investigate the nonrelativistic problem in three dimensions with non-central potentials using the same approach and obtain scattering and bound states −2− solutions of the wave equation. We consider the time-independent potential of the form ( ) ( , )
V r V r θ = such that it is separable in spherical coordinates. Specifically, we study the following class of potentials where Ĉ , C, and 0 C are real potential parameters. The Aharonov-Bohm [3] and
Hartmann [4] potentials are special cases for which 0 0 C C = = (for pure Aharonov- Bohm effect, Ĉ is discrete via its linear dependence on an integer m ∈ which comes from the phase quanta of the angular component of the wavefunction, im e φ ). The case where Ĉ C = ± and 0 0 C = corresponds to the magnetic monopole potential with singularity along the z ± axis [5] . Our main contribution to the solution of this kind of problems is two-fold. The first is the introduction of the three-dimensional potential term 2 cos r θ which, to the best of our knowledge, was not treated exactly before. The second is the simultaneous analytic solution of scattering and bound states in the same formulation.
We take the Coulomb interaction as the radial component of the potential. That is, we take ( ) V r r = Z , where Z is the electric charge coupling. Additionally, we consider briefly in Sec. 7 the radial oscillator potential V(r) = For an introduction to the above-mentioned approach and its implementation on some examples in one and three dimensions (with spherical symmetry) one may consult the papers in Refs. [1, 2] . Nonetheless, it might be useful to give, in few lines, a brief account as follows. Let 
3) Consequently, the problem translates into finding solutions of this recursion relation for the expansion coefficients of the wavefunction. In most cases this recurrence relation could be solved easily and directly by correspondence with those for well known orthogonal polynomials. Moreover, Eq. (1.2) shows that the discrete energy spectrum is easily obtained by imposing the diagonalization constraint which requires that 0
We start in the following section by formulating the problem and writing down the basis elements for the angular and radial components of the wavefunction that support a tridiagonal matrix representation for the associated wave operator. The corresponding components of the non-central separable potential that are compatible with the tridiagonal representations are also obtained. Explicit construction of the angular wave function for three possible configurations is given in Sec. 3. The radial component, which is compatible with the Coulomb interaction, is obtained in Sc. 4. The complete solution space splits into two disconnected subspaces: one for 0 0 C ≠ and another for 0 0 C = . These are constructed in Sec. 5 and Sec. 6, respectively. Additionally, in Sec. 5, we give the complete and explicit solution for the special case where ˆ0 C C = = and 0 0 C ≠ , which is unique to the present work. In Sec. 7, we study briefly the case where the radial component of the non-central potential is that of the spherical oscillator. The new orthogonal polynomials associated with the tridiagonal representation of the angular component of the solution space will be investigated in Appendix B. The resolvent operator and weight (density) function for these polynomials are obtained in terms of the recursion coefficients { } , n n a b . Finally, in Appendix C we formulate the problem of a charged particle moving in a cylindrical electromagnetic vector potential (e.g., outside an infinitely long and thin current solenoid) and establish its connection to the present problem. As an example, we obtain the bound states solution for the combined Aharonov-Bohm effect and a magnetic monopole.
Non-central separable potentials in spherical coordinates
In the atomic units = M = 1, the time-independent Schrödinger wave equation for a structureless scalar particle of mass M in a potential ( ) 
This is so because if we write the wavefunction as
the wave equation (2.2) with the potential (2.3) gets separated in all three coordinates as follows 
They are also required to satisfy the boundary conditions that (0) ( , ) ( ; , )
(
where
is the Jacobi polynomial of order n and 0,1, 2,.. 
Therefore, the action of the differential wave operator of Eq. (2.4c) on the basis element (2.12) gives the following ( )
The recurrence relation (A.6) and orthogonality relation (A.10) for the Laguerre polynomials show that a tridiagonal matrix representation n n H E ξ ξ ′ − is possible only for a limited number of special radial potential components r V and results in the following two possibilities: These relations show that µ and ν are discrete (indexed by m) and positive. Moreover, they also require that, for real representations,
That is, if we define M as the smallest integer greater than
It is worthwhile noting that a unique solution might exist for ( 
( 2 1) (2 1) ( 1) ( 1)( where we have introduced the dimensionless real parameter γ by writing 2
( 1)
The subscript m on µ and ν was removed for the sake of clarity and simplicity in presentation. For arbitrary values of 0 C , Eq. (3.5) shows that as the integers n and m increase the representation degenerates by changing its signature (becoming indefinite) when crossing the threshold defined by ( ) ( ) To keep the representation, which is bounded from below, definite and prevent it from degenerating we require that the set of integers { } , n m ∈ ∈ satisfy the constraint (3.6). Therefore, for a given γ,
, ( 2) 
( 2 1) (2 1) ( 1) ( 1)( ( 1 ) 1 ( 1) ( 1) 2 1 ( ; , ) ( ) 8) where
In terms of these orthogonal polynomials the recursion relation (3.7) becomes ( ) 
These polynomials, as far as we know, have not been studied before. However, comparing this recurrence relation with (A.1) for the Jacobi polynomials, we can write
(3.10)
In this limit, E θ should be allowed to increase such that the ratio ( ) In Appendix B we show how to obtain this density function from the resolvent operator (Green's function) associated with these polynomials using the coefficients of the
The sum in the series (3.11a) runs from n = 0 to m n N = where m N , for a given m, is obtained from condition (3.6) as the largest integer n satisfying the inequality To obtain the diagonal representation, 
Moreover, for a given value of γ (equivalently, E θ ), the above equation dictates that the integer m must belong to the set 0, 1, 2,..., j ± ± ± [or the set , ( 1), ( 2) It is important to note that this diagonal representation is associated with the operator H θ . That is, ( ) nn
One should not confuse this with the discrete bound states spectrum, which is associated with the diagonal representation of the total Hamiltonian H (i.e., nn H ′ = nn E δ ′ ). Consequently, it is not necessary to impose the constraints (3.14) on the bound states solution. That is, for bound states it is neither required that 0 C vanishes nor that γ (equivalently, E θ ) be quantized as
These points will be reemphasized when we construct the complete solution space in Sec. 5 and Sec. 6 below.
Case (2.11b):
The second case (2.11b) is associated with the following angular component of the non-central potential 
, ( 2),.. , 0
It is also interesting to note that in this case, as well, a unique solution might exist for ( 
( 2 1) (2 1) ( 1)( 1) ( 1)( 1 2 we obtain from Eq. (2.4b) and Eq. (3.19) the following three-term recursion relation that defines these polynomials
( 1)( 1) ( 2 1 where m ν is given by Eq. (3.2). Consequently, this diagonal representation is equivalent to the case (2.11a) above with 0 0 C = and which is depicted by Eq. (3.14) and Eq. (3.13). with µ = 1.0, ν = 1.5 and for several values of the parameter τ as shown on the traces.
Case (2.11c):
Analysis of this solution space, which corresponds to the case (2.11c), shows that it is identical to the second case (2.11b) if we make the following replacements: 
Solution space for the radial component
To obtain the total wavefunction we only need to calculate the remaining radial component R(r) or, equivalently, its expansion coefficients { } 0
To that end, we
and project on the left by n ξ . This results in a three-term recursion relation that will be solved for n g in terms of orthogonal polynomials. We only consider the situation described by (2.15a) which applies to the Coulomb potential and to all energies, positive and negative. If we rewrite the real dimensionless angular separation parameter E θ as 2
( 1) (3.14) . We start our investigation with the general continuous angular parameter γ. Consequently, the parameter α for the regular solution of the radial wave function could then be written in terms of γ ± using (2.15a) as follows
which implies that α is always greater than +1. Now, to obtain the sought after recursion relation for the expansion coefficients of the radial wavefunction, we utilize the action of the wave operator on the basis as given by Eq. (2.14) and the parameter assignments ( 1)( 2 ) ,
−12− where , 0,1, 2,.. k k′ = . Therefore, the resulting recursion relation (1.3) for the expansion coefficients of the radial wavefunction becomes E λ σ ± = ± . Rewriting this recursion in terms of the polynomials ( )
, we obtain a more familiar recursion relation as follows
We compare this with the three-term recursion relation for the Meixner-Pollaczek polynomials ( , ) 6) where 0 µ > and 0 ϕ π < < . The comparison is valid only within this permissible range of values of the parameters. This means that the solution obtained as such is valid only for 0 E > (i.e., for the continuum scattering states). Thus for the continuum case, we obtain the following two alternative L 2 -series solutions (depending on the value of the parameter γ) for the radial component of the wavefunction On the other hand, imposing the diagonalization constraints (1.4) on the tridiagonal matrix representation (4.3) gives the following energy spectrum 4.9) and requires that the length scale parameter λ be discretized as follows
which requires that 0 < Z since λ must be positive (i.e., bound states exist only for an attractive coulomb potential). The corresponding radial component of the discrete bound states wavefunction is ( 1)
where k λ ± is given by Eq. (4.10) above.
−13−
Now, if the angular representation is diagonal, then γ ± assumes the discrete values given by Eq. (3.14) . In this case, the radial component of the wavefunction for the continuum scattering states could be written as ( ) ( 1) ( 2 2) ( ) In the following two sections we use the above findings to construct the complete solution space for the continuum scattering states and for the discrete bound states. Two alternative solutions are obtained depending on whether or not the potential parameter 0 C vanishes. For bound states, the energy spectrum is quantized via its dependence on a single quantum number as given by Eq. The other angular component of the wavefunction is ( ) m φ Φ which is given by (2.6) . For the continuum scattering states, the radial component is given by Eq. (4.12), whereas, for the discrete bound states it is given by Eq. (4.13) and the corresponding energy spectrum is given by Eq. (4.14).
The complete solution space for

ˆ0
C C ± < : This case is identical to the previous one except that the angular phase quantum number m belongs to the range of values , ( 1), ( 2),...,
where M is the smallest integer that is greater than Moreover, some of these solutions were obtained using path integral formulation utilizing the Kustannheimo-Stiefel transformation. Additionally, most are dealing with bound states while others were solved only in parabolic coordinates. For more recent examples of such work, one may consult the papers in [9] and references therein. The article by Khare and Bhaduri [10] is a good introduction to the general problem of noncentral potentials in two and three dimensions. Φ is given by (2.6). The radial component for the continuum scattering states is given by Eq. (4.7ab), whereas, for the discrete bound states it is given by Eq. (4.11ab) and the corresponding energy spectrum is that given by Eq. (4.9).
6.4
Ĉ C C − > ≥ : The angular component of this solution space is tridiagonal and corresponds to the case (2.11c). Consequently, it is identical to the previous case after the application of the map given by (3.25) . For example, j is the maximum integer that satisfies 
Solution for the radial oscillator potential
In this section we give a brief treatment of the same problem but with the radial component of the non-central potential (2.3) being the oscillator potential 
.
This representation leads to a three-term recursion relation for the expansion coefficients of the radial component of the wavefunction which could be solved in terms of a "Hyperbolic-type" Meixner-Pollaczek polynomial defined as However, we will not pursue this line of investigation and be contended with only obtaining the discrete bound state wavefunction and energy spectrum. This requires that the matrix representation of the Hamiltonian be diagonal, which when imposed on (7.3) gives n n x n n n n n n n n n n P P P P 
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